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ABSTRACT
The aim of this work is to propose vibration modeling of sandwich structures with soft
core using solid–shell finite elements. Several approaches have been adopted in the
literature to accurately model this type of structures; however, they show some
limitations in certain configurations of high contrast of material properties or geometric
aspect ratios between the different layers. In such situations, it is generally well-known
that the use of higher-order or three-dimensional finite elements is more appropriate, but
will generate a large number of degrees of freedom and, thereby, large CPU times. In
this work, an alternative method is proposed by considering a recently developed linear
hexahedral solid–shell element. This solid–shell element is implemented into Matlab in
order to use the so-called solver Diamant, which couples Asymptotic Numerical
Method (ANM) and Automatic Differentiation (AD). Numerical tests, including various
cantilever sandwich beams as well as a simplified pattern of rail on sleepers, are
performed to show the efficiency of the proposed approach.
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1.  Introduction
Problems involving vibration are encountered in many areas of mechanical, civil and
aerospace engineering. In many cases, the vibrations are undesirable because they lead
to noise and system dysfunction. To avoid these detrimental effects, an efficient passive
solution to reduce vibrations, well-established for more than 50 years, consists in the
use of sandwich structures with elastic faces and viscoelastic core [1,2,3], in which the
damping is principally induced by the shear deformation of the core.
* Corresponding author. Tel.: +(33) 3.87.37.54.79; fax: +(33) 3.87.37.54.70.
E-mail address: farid.abed-meraim@ensam.eu (F. Abed-Meraim).
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The main numerical difficulties in modeling these structures lie first in the
description of the kinematics to obtain reasonable computational costs, and secondly in
the proper account of the shear of the core. This latter transverse shear is due to the
difference in the in-plane displacements and to the contrast in stiffness between the
different layers. In earlier contributions, models using classical laminate theories (CLT)
have been developed based on the Kirchhoff–Love model. Then, various kinematic
models and numerical methods have been developed to accurately determine the
damping properties of viscoelastic sandwich structures under vibration. In this regard,
Reissner [4] and Mindlin [5] established first order shear theories (FSDT) that take into
account this shear deformation. However, the complete 3D formulation indicates that
the shear deformation varies at least in a quadratic form through the thickness and the
shear stress should be equal to zero on the outer surfaces of the skins. Subsequent
studies, Reddy [6] and Touratier [7] (to name only these), have made major
improvements by proposing higher-order shear theories (HSDT) of the displacement
field in the thickness (cubic and sinusoidal, respectively). The main advantage of these
approaches is to allow a parabolic description of the shear stress, while ensuring the
condition of zero shear stress on the free surface of the sandwich structures. It should
also be noted that, in the context of sandwich structures under vibration, a number of
specific finite elements have been developed (see, e.g., [8–11]) in order to discretize
various types of geometries (e.g., beams, shells, conical shells …).
However, in the former studies, the sandwich structure is modeled as a single layer to
facilitate analysis with reasonable computational cost. Unfortunately, the discontinuity
of physical/mechanical properties in the thickness direction makes inadequate those
theories, which were originally developed for one-layered structures. In addition, such a
framework does not allow correctly describing some phenomena in a structure
exhibiting high contrast of stiffness between different layers. To compensate these
shortcomings and restrictions, zigzag theories have been developed in the literature,
with interlaminar continuity (IC-ZZT) or without (ID-ZZT). These theories describe
layer-by-layer the displacement field ensuring continuity conditions of the displacement
field imposed at the interfaces between the core and the faces. Carrera [12,13] has
provided a very comprehensive and well-documented historical review on zigzag
theories for multilayered plates and shells as well as on modeling of multilayered and
composite structures. In recent years, the zigzag approach has been applied in the
context of vibration analysis (see, e.g., Boudaoud et al. [14], Bilasse et al. [15], Abdoun
et al. [16], as well as the more recent review and assessment of existing models by Hu et
al. [17]). Another noteworthy approach consists of Carrera’s unified formulation (CUF)
[18], in which several kinematic assumptions for the displacement fields can be
included hierarchically in one single compact formulation.
Considering some limitations of the zigzag models that have been shown in [17], an
alternative approach could be the use of three-dimensional finite element assemblies,
but this generally leads to a large number of degrees of freedom. Another approach
proposed in this work consists in the use of a solid–shell element based on a fully three-
dimensional formulation. This solid–shell element has been developed in order to
correctly take into account the through-thickness phenomena, while maintaining the
CPU time at reasonable levels [19,20,21]. It consists of a linear isoparametric
hexahedral element having only nodal displacements as degrees of freedom and
provided with a set of integration points distributed along the thickness direction. To
alleviate the thickness-related locking phenomena, the fully three-dimensional elastic
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constitutive matrix was also modified in order to approach shell-like behavior. To
control the zero-energy hourglass modes, due to the reduced integration, an effective
stabilization technique was used following the “Assumed Strain” method proposed by
Belytschko and Bindeman [22], which is also intended to eliminate the remaining
locking phenomena. A set of selective and representative benchmark tests was analyzed
to show the effectiveness of this solid–shell element in linear and nonlinear problems.
More recently, Salahouelhadj et al. [23] successfully simulated sheet metal forming
processes using the SHB8PS solid–shell element coupled with an anisotropic large
strain elastic–plastic model.
From a numerical point of view, the frequency dependency of the viscoelastic layer
leads to nonlinear vibration problems. Among the various methods proposed to solve
such nonlinear vibration problems, some show a number of restrictions and limitations,
such as the complex eigenvalue method [24,25], the modal strain energy analysis
[26,27], the direct frequency response procedure [28], and the asymptotic approach
[29], while the order-reduction-iteration technique [30] and the homotopy-based
asymptotic numerical strategy [31,32] are of more general applicability. The latter
asymptotic numerical method makes use of homotopy [33] and of perturbation
technique [34] in its continuation procedure. Detailed discussions and reviews of the
above-mentioned methods as well as of their multiple variants can be found in the
literature (see, e.g., [31,32] and more recently [35]). The purpose of the current work is
to combine the above-discussed solid–shell concept with sandwich structure modeling
in order to evaluate the capabilities of the resulting formulation in analyzing vibration of
sandwich structures.
The paper is organized as follows. Section 2 presents the general formulation of the
problem using different finite element discretizations, while underlying their respective
limitations. The formulation of the solid–shell finite element is described in Section 3.
The solving method (the so-called solver Diamant), which couples Asymptotic
Numerical Method (ANM) and Automatic Differentiation (AD), is briefly outlined in
Section 4. The numerical tests are shown in Section 5, along with the associated
discussions, and the main conclusions are drawn in Section 6.
2.  Formulation of the problem, different discretizations and their limitations
In this work, we consider the free vibration problem of a sandwich beam
schematized in Fig. 1. Different finite element discretizations will be adopted in order to
compare their respective performance and to emphasize potential limitations. The basic
equilibrium equations are obtained by using the virtual work principle as follows:
2
2 0v dvt
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where s , e  and u are, respectively, the stress and strain tensors, and the generalized
displacement at a point within the body v  of the viscoelastic structure, while the density
of the material is denoted by r . The stress and strain tensors s  and e  as well as the
displacement u can be expressed as harmonic time functions.
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Fig. 1. Sandwich beam structure.
The viscoelastic damping behavior is accounted for through the stress–strain law,
which can be written in the form:
( ) :w=s eC      with ( ) ( ) ( )R Iiw w w= +C C C (2)
where ( )R wC  and ( )I wC  are, respectively, the tensors characterizing the energy
storage and dissipative behavior of the viscoelastic material.
Combining Eqs. (1) and (2), and using a finite element discretization, the natural
vibration problem of viscoelastic structures can be written in the following form:
( ) { }2w wé ù- =ë û 0K M U (3)
where M  and K  denote, respectively, the mass and stiffness matrix of the structure,
and the complex nodal vibration eigenmode is denoted by U .
In  Hu  et  al.  [17],  the  limitations  of  the  CLT,  FSDT  and  HSDT  models  have  been
presented in details, while emphasizing the advantage of ZZT. However, the ZZT also
has limitations related to high geometric ratios or contrast in material stiffness between
the layers. To demonstrate this, simulation results of eigenfrequencies are given in what
follows, which compare the IC-ZZT with quadratic 2D and 3D elements from Abaqus
(CPE8R: 2D plane-strain quadratic element with reduced integration, CPS8R: 2D plane-
stress quadratic element with reduced integration, and C3D20R: 3D hexahedral
quadratic element with reduced integration). The results obtained with the C3D20R
element are taken as reference. This analysis is conducted on a simple cantilever beam.
Table 1
Sandwich beam parameters.
fE fr cr h fn cn
6.9x1010 Pa 2766 kg.m-3 1600 kg.m-3 0.05 m 0.3 0.49
L
b
z
y
x
hc
hf
hf
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Table 2
Influence of Ec/Ef (hc/hf = 1, L/h = 20).
C3D20R CPE8R CPS8R FSDT IC-ZZT
100c
f
E
E
=
95.860 106.71 94.031 93.988
597.92 665.74 586.53 588.51
1664.5 1851.6 1630.7 1645.6
Table 3
Influence of L/h (hc/hf = 1, Ec/Ef = 10-5).
C3D20R CPE8R CPS8R FSDT IC-ZZT
4L
h
=
300.77 309.06 290.56 296.72
1750.3 1792.0 1995.4 1856.4
5559.1 5701.1 5394.2 5197.3
Table 4
Influence of hc/hf (L/h = 20, Ec/Ef = 10-5).
C3D20R CPE8R CPS8R FSDT IC-ZZT
210c
f
h
h
-=
31.212 32.173 31.088 27.103
148.05 153.10 147.38 136.66
377.50 391.52 375.50 365.87
The material and geometric properties of Table 1, combined with the material ratio
(Ec/Ef) and the geometric ratios (L/h)  and  (hc/hf),  are  used.  The  first  three
eigenfrequencies are reported in Tables 2–4 and correspond to the converged meshes.
These results show that the IC-ZZT is not suitable for the configurations associated with
Tables 3 and 4, which confirms its restrictions in terms of range of applicability beyond
certain limits. It is also clear from Tables 2–4 that the 2D formulation becomes less
accurate because it does not take into account either the through-width effects, in the
case of the plane-strain element CPE8R, or the through-thickness effects, in the case of
the plane-stress element CPS8R.
The above simulation results highlight the limitations of such models devoted to
viscoelastic sandwich structure modeling. To overcome these limitations, a new finite
element method is developed coupling the solid–shell concept and the so-called
Diamant approach. This alternative finite element strategy is presented in Section 3
below.
3.  New finite element discretization of free vibration problems
Unlike the traditional literature models for sandwich structures, we propose in this
work a new finite element method to discretize the problem in the form of Eq. (3), and
to solve the latter for any geometric and material configuration of sandwich structures.
To achieve this goal, the SHB8PS solid–shell element is considered. A short description
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of this solid–shell formulation is provided in this section, the detailed derivation can be
found in [19,20].
3.1. Kinematics and interpolation
The SHB8PS element is a hexahedron with eight nodes and isoparametric linear
interpolation. The only degrees of freedom are three displacements per node. The
associated integration points are arranged along a special direction z  (thickness) in the
local coordinate frame (see Fig. 2). In terms of nodal coordinates iIx  and trilinear shape
functions ( )1 2 8, ,...,T N N N=N , the coordinates ix , i = 1, 2, 3, of a point in the element
are given by:
( ) ( )
8
1
, , , ,i iI I iI I
I
x x N x Nx h z x h z
=
= =å (4)
Fig. 2. Reference element geometry and integration points.
Making use of the trilinear shape functions, one can rearrange the expression of the
displacement field interpolation, which has a form similar to that of Eq. (4), as follows:
( )0 1 1 2 2 3 3 1 1 2 2 3 3 4 4T T T T T T Ti i iu a x x x h h h h= + + + + + + + ×γ γ γ γb b b d (5)
where
( )
( )
,
= = =0
1 2 3 4
3
1
       ,   1, 2,3
,  ,  ,
1
   ,  =1,..., 4
8
T
j
i i
i
j
j
i
x
h h h h
a
x h z
a a
hz zx xh xhz
a
=
¶= = =
¶
= = = =
= - å
ì
ï
ïïí
ï é ù×ï ê úë ûïî
0
γ
N
b N
h bh x
(6)
In Eqs. (5) and (6), vectors id  and ix , which indicate the nodal displacements and
coordinates, are defined as:
( )
( )
1 2 3 8
1 2 3 8
, , , .....,
, , , .....,
T
i i i i i
T
i i i i i
u u u u
x x x x
=
=
ìïí
ïî
d
x
(7)
x
h
V
1
2 3
4
5
6 7
8
1
2
…
node x h z
1 -1 -1 -1
2 1 -1 -1
3 1 1 -1
4 -1 1 -1
5 -1 -1 1
6 1 -1 1
7 1 1 1
8 -1 1 1
intn
  
7
Vectors ah  are given by:
( )
( )
( )
( )
1
2
3
4
1,1, 1, 1, 1, 1,1,1
1, 1, 1,1, 1,1,1, 1
1, 1,1, 1,1, 1,1, 1
1,1, 1,1,1, 1,1, 1
T
T
T
T
=
=
=
=
- - - -
- - - -
- - - -
- - - -
ì
ï
ïí
ï
ïî
h
h
h
h
(8)
As mentioned before, this is an eight-node hexahedral element formulated on the
basis  of  a  fully  three-dimensional  approach.  In  other  words,  it  has  only  displacement
degrees of freedom and the same kinematics and interpolation as a classical three-
dimensional linear solid element. However, specific changes have been made to avoid a
number of numerical problems, namely hourglass-type instabilities and locking
phenomena, and thereby to provide this solid–shell element with shell-like behavior.
3.2. Hourglass mode control and locking treatment
Using the Hu–Washizu variational principle in combination with the Assumed Strain
Method (ASM) proposed by Belytschko and Bindeman [22], and considering the
nonlinear frequency dependent material stiffness, the elementary stiffness matrix can be
expressed as:
( ) ( )ˆ ˆ
e
T
e V
dVw w= × ×òK B C B (9)
where Bˆ  denotes the projected discrete gradient operator, as modified by the Assumed
Strain Method (see, e.g., [22]), which is defined by:
1 14
2 14
3 13
2 12 1 12
1 123 12
3 12 2 12
, , ,
ˆ ˆ
ˆ ˆ
ˆ ˆˆ ;ˆ ˆˆ ˆ
ˆ ˆˆ ˆ
ˆ ˆ ˆ ˆ
ˆ ˆ ˆˆ ˆ ˆ ;  ;
T T
T T
T T
T T T T
T TT T
T T T T
x y zh h h
g g g
bg a a bg a a bg a a
a b a b a b= = =
é ù+ê ú
+ê ú
ê ú+ê ú= ê ú+ +ê ú
ê ú++ê ú
+ +ê úë û
= = =å å å
0 0
00
0 0
0
0
0
γ γ γ
b X
b Y
b ZB
b Y b X
b Xb Z
b Z b Y
X Y Z
(10)
In Eq. (10), the ib  vectors, originally defined by Hallquist (see Eq. (6)), are replaced
by the mean form proposed in Flanagan and Belytschko [36]:
( ),1ˆ , , ; 1...3
e
i iV
e
dV i
V
x h z= =òb N (11)
One of the main features of the SHB8PS element concerns its integration points,
which are all located on a fiber corresponding to ( )0, 0x h= = . This particularity,
along with the associated special direction designated as the ‘thickness’, is specifically
intended to provide the element with shell-like behavior. However, this in-plane
reduced quadrature induces hourglass modes that require stabilization. Recall that the
